Abstract. For words of length n, generated by independent geometric random variables, we consider the mean and variance, and thereafter the distribution of the number of runs of equal letters in the words. In addition, we consider the mean length of a run as well as the length of the longest run over all words of length n.
Introduction
Let X denote a geometrically distributed random variable, i. e. PfX = kg = pq k?1 for k 2 N and q = 1 ? p. The combinatorics of n geometrically distributed independent random variables X 1 ; : : : ; X n has attracted recent interest, especially because of applications in computer science. We mention just two areas, the skip list 1, 15, 17, 11] and probabilistic counting 5, 9, 10, 12].
In 16] the number of left-to-right maxima was investigated for words a 1 : : : a n , where the letters a i are independently generated according to the geometric distribution. In 13] the study of left-to-right maxima was continued, but now the parameters studied were the mean value and mean position of the r-th maximum. In this article we study runs of consecutive equal letters in a string of n geometrically distributed independent random letters. For example in w = 22211114431 we have 5 runs of equal letters of respective lengths 3; 4; 2; 1; 1. In the sequel we denote by R n (w) the number of runs in the word w, where w is of length n. In section 2 we study the mean and variance of R n . Thereafter, in section 3 we study the distribution of the number of runs, which turns out to be Gaussian. Subsequently, in section 4 we study the average length of the runs per word. Finally, in section 5 we determine the mean and variance of the length of the longest run in a word of length n. The This leads to Proposition 1. The mean value of the number of runs for n 1 is given by n = E R n = z n ]G(z) = 2q 1 + q n + p 1 + q :
Now that we see such a simple result, we are tempted to look for a simple proof as well. Indeed, since the expectation is additive, we have n ? 1 times the expectation of having unequal digits at two adjacent random variables, plus 1. This expectation is given by X i6 =j pq i?1 pq j?1 = 2q 1 + q :
Then the expected number of runs is given by (n ? 1) 2q
1 + q + 1 = 2q 1 + q n + p 1 + q :
If we want to compute the variance, such a simple argument seems to be out of reach.
Henceforth, we di erentiate (2.2) twice, and use the notation V (z) = @ 2 @u 2 F(z; 1).
We see Adding the expectation and subtracting the square of the expectation, we obtain the variance.
Proposition 2. The variance of the number of runs is given for n 2 by 2 n = VR n = 2q(1 ? q) 2 (2 + q 2 ) (1 + q) 2 (1 ? q 3 ) n ? 2q(1 ? q) 2 (3 ? q + q 2 ) (1 + q) 2 (1 ? q 3 ) : It is a folklore result that the limit q ! 1 maps the model of words, generated by geometrically distributed random variables to the model of random permutations. For permutations, there are obviously n runs, and the expected value con rms that, with the variance being exactly zero, as it should.
Distribution of the number of runs
In this section we prove a central limit theorem for the distribution of the number of runs. In order to do this, we have to extract further information from the functional equation (2.2). We observe that the terms on the right-hand side are all simple rational functions, except for the terms containing F(qz; u). From the de nition of F(z; u) it is clear that F(z; u) can be written as F(z; u) = X n 1 z n f n (u)
for polynomials f n (u) with deg f n = n, whose coe cients are positive and 1. the error term is uniform in t.
Average length of runs
Given a string w of geometric random variables of length n with k runs we de ne the average length of a run to be L n (w) = n k . It is of interest to determine the moments and the distribution of this parameter over all strings of length n. Intuitively Proof. The proof will make use of the distribution obtained for the number of runs in Theorem 1. We rst write R n = n + n X n , where X n is a sequence of random variables with asymptotically normal distribution, and n and n are given by Propositions 1, 2. This gives an error term of O(n ?1 log n) in (4.1) and yields the desired result.
Longest runs
In this section we study the mean of the longest run M n of equal digits in a string of length n. For this purpose we introduce the probability generating function G h of all strings that have runs only of length less than h. In order to extract the asymptotic behaviour of the probability that a string of length n has runs of length at most h, we have to nd the singularities of G h (z). We start with simple a priori estimates for the power series coe cients of G h : z where
The left hand side of (5.2) is obtained by subtracting all strings which contain at least 
